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Overview

e Logistics:
o Pset 2 released! Due at 11:59 pm (ET) on Sept 22

e Today's topics:
1. Randomization inference (Design-based inference)
2. Toy example: Donations encouragement (small/large sample)
3. Inverting test to obtain Cls



Randomization inference

o Randomization inference (Design-based inference; permutation

test)
e Assignment mechanism: ~ Qo ={d:P(D=d) >0}.
o Bernoulli randomization ~» use rbinom(N, 1,.5)
o Completely randomized experiment ~» use ri::genperms() or sample()
e Sharp null hypothesis: Hp : 7; = Y;(1) - Y;(0) = const.Vi
e ~ We can fill out the missing potential outcomes
e ~ \We can compute/approximate the distribution of test statistics
N'C&D, Y) under the null (randomization distribution)



Randomization inference

o Randomization inference (Design-based inference; permutation
test)
e Assignment mechanism: ~ Qo ={d:P(D=d) >0}.
e Bernoulli randomization ~ use rbinom(N, 1,.5)
o Completely randomized experiment ~» use ri::genperms() or sample()
e Sharp null hypothesis: Hp : 7; = Y;(1) - Y;(0) = const.Vi
e ~ We can fill out the missing potential outcomes
e ~ \We can compute/approximate the distribution of test statistics
T(D, Y) under the null (randomization distribution)

e Model-based inference
e Assumes a distribution for potential outcomes



Toy example: Donations encouragement

e Setup:
e N people
o Encouragement by mail (0/1; D;) — Donations to Harvard ($; Y;)
o Let Q = set of 2V treatment vectors (any N-vector of Os and 1s).
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Toy example: Donations encouragement

 Setup: Cc0 8 contred X marl
e N people i Y.
e Encouragement by mail (0/1; D;) — Donations to Harvard ($; Y;)
o Letﬁgj set of 2V treatment vectors (any N-vector of Os and 1s).

Suppose complete randomization has been implemented
e N=6 and nlsz-VD,-:&
o ~Q={deQ:¥>%, d =3}={(1,1,1,0,0,0),(1,1,0,1,0,0),...}
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Toy example: Donations encouragement

o Setup:
e N people
e Encouragement by mail (0/1; D;) — Donations to Harvard ($; Y;)
o Let Q = set of 2V treatment vectors (any N-vector of Os and 1s).

e Suppose complete randomization has been implemented
e N=6and n; =YV D, =3.
o ~ Qp={d eQ:Z?zl d; =3}={(,1,1,0,0,0),(1,1,0,1,0,0),...}

o Test a sharp null of no effect: Hy: 7= Y;(1)-Y;(0)=0 Vi.

y =

Mailer  Contr.

Unit| D i | Yi(0)= V()
Jon 1 3 (2) 3
Sansa 1 5 ®) 5
Arya 1 0 (0) 0
Robb 0 4 4 (@)
Bran 0 0 0 (0)
Rickon 0 1 1 (1)




Randomization inference step-by-step

In a small sample, N<6

1. Choose a sharp null hypothesis and a test statistic:



Randomization inference step-by-step

In a small sample,
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1. Choose a sharp null hypothesis and a test statistic:
e Eig.: Hy:7=0forall i v. Hy:7;#0 for some i
o Eg.: absolute difFerence—in means estimator =2 [dist
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Randomization inference step-by-step

In a small sample,

1. Choose a sharp null hypothesis and a test statistic:
e Eig.: Hy:7=0forall i v. Hy:7;#0 for some i
e E.g.: absolute difference-in-means estimator

Tur = |2 XX, DiYi- L 2 (1- Di)yi| 4\

2. Calculate observed test statistic: T(D,Y).
— 1 K
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Randomization inference step-by-step

In a small sample,

1. Choose a sharp null hypothesis and a test statistic:
e Eig.: Hy:7=0forall i v. Hy:7;#0 for some i
e E.g.: absolute difference-in-means estimator
S DY - e T (1~ D,-)Y,-|

no

Taier =
2. Calculate observed test statistic: 7°° = T(D,Y).

3. List all the possible treatment vectors in Qq: {D1,...,Dx} where
K = Qo]
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Randomization inference step-by-step
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2. Calculate observed test statistic: 7°° = T(D,Y).

3. List all the possible treatment vectors in Qq: {D1,...,Dx} where
K = Qo]

4. Calculate Ty = T(Dy,Y) for each k under the sharp null.
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2. Calculate observed test statistic: 7°° = T(D,Y).

3. List all the possible treatment vectors in Qq: {D1,...,Dx} where
K = Qo]

4. Calculate Ty = T(Dy,Y) for each k under the sharp null.
5. Observe the distribution of T = {Ty,..., Tk}.



Randomization inference step-by-step

In a small sample,

1. Choose a sharp null hypothesis and a test statistic:
e Eig.: Hy:7=0forall i v. Hy:7;#0 for some i
e E.g.: absolute difference-in-means estimator
S DY - e T (1~ D,-)Y,-|

no

Tgite =

2. Calculate observed test statistic: 7°° = T(D,Y).

3. List all the possible treatment vectors in Qq: {D1,...,Dx} where
K = Qo]

4. Calculate Ty = T(Dy,Y) for each k under the sharp null.
5. Observe the distribution of T = {Ty,..., Tk}.

6. Calculate the exact p-value: p = % YR I(Te>T)



1. Calculate observed test statistic

Mailer  Contr.

Unit | D; Yi Yi(0) Yi(1)
Jon 1 3 (9 3
Sansa 1 5 (6) 5
Arya 1 0 (0) 0
Robb | 0 4 4@
Bran 0 0 0 (0)
Rickon 0 1 1 (1)

obs
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1. Calculate observed test statistic

Mailer  Contr.

nit| D) Y | Yi0) i)
Jon | ¥ 3 () 3
Sansa 1 5 () 5
Arya 1 0 () 0
Robb 0 4 4 ()
Bran 0 0 0 ()
Rickon 0 1 1 ()

TS =18/3-5/3|=1

<- ¢c(3, 5,0, 4,0, 1
y ( )1&@{0\
D <- c(1, 1,1, 0, 0, 0)

T_obs <- abs(mean(y[D == 1]) - mean(y[D == 0]))

T_obs &— hs 9
T ok oY

## [1] 1



2. Randomization distribution
Do

o Possible treatment assignments {[N)L, co0 Do} L
o Test statistics under the null T ={7:(D,Y),..., To0(D20,Y)}

Mailer  Contr.

Unit | D Y, | Yi(0) Yi(1)
Jon 1 3 (3) 3
Sansa 1 5 (5) 5
Arya 0 0 (0) 0
Robb 1 4 4 (4)
Bran 0 0 0 (0)
Rickon 0 1 1 (1)

Ti1=112/3-1/3| = 3.67



2. Randomization distribution

o Possible treatment assignments {61, . ,[N)QON} N
o Test statistics under the null T ={3.67,...,7:0(D2.Y)}

Mailer  Contr.

Unit | Duo Yi | Yi(0) Yi(1)
Jon 0 3 (3) 3
Sansa 0 5 (5) 5
Arya 0 0 (0) 0
Robb 1 4 4 (4)
Bran 1 0 0 (0)
Rickon 1 1 1 (1)

T2 =15/3-8/3|=1



2. Randomization distribution

D_bold <- ri::genperms(D)
K <- ncol(D_bold)
T_tilde <- rep(NA, times = K)
for (i in 1:K) {
D_tilde <- D_bold[, i]
T_tilde[i] <- abs(mean(y[D_tilde == 1]) - mean(y[D_tilde == 0]))



3. P-value —

Histogram of T_tilde
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# p-value distiivntin

mean(T_tilde >= T_obs)

## [1] 0.8



Randomization inference step-by-step

lzao)
In a large sample, (
g P 6% (omp\dle- rund
1. Choose a sharp null hypothesis and a test statistic: amgle( )
. 2 ObS PN —
2. Calculate observed test statistic: 7°°° = T(D,Y).

3.

Too many possible treatment vectors in Qo — take K =000
samples! ’ T

Calculate Ty = T(Dy,Y) for each k under the sharp null.
Observe the distribution of T = {Ty,..., Tk}

Calculate the p-value: p = % Z,’le ]1(7';{ >T)
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Choosing test statistics

Difference in means
Rank statistic

e when we have many outliers
e ~r wilcox.test() for rank-sum statstic

S=yN, D;Yi(1)

e when Y; is binary, Fisher's exact test (recall Lady Tasting Tea)
o ~r fisher.test()

Using absolute values under the sharp null of no effect

e ~ testing against a two-sided alternative hypothesis

Ho:7=0Vi Hy : 7; + 0 for some i
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Confidence Intervals: Inverting the Test

/ Const.
e For a sharp null 7= Y;(1) - Y;(0) =79 Vi, we can conduct the
test and calculate the p-value.
e Repeat the above with different values of g
e 95% Cl: The range of 19 thﬂgt we cannot reject the null at the 0.05

level I
' A
Y = i > ?7‘ T Pl
AY

rd

0
Hot ¥ =0 vy ~9

T

< —rﬂ‘s
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Example Code for Inverting the Test

# Data

Yi <- large_sample$factor # Observed outcome

Di <- recode(large_sample$canvass, Placebo” = 0, "Full Intervention® = 1)
N <- length(Yi); nl <- sum(Di); nO@ <- sum(1l-Di)

# Pick candiate taus on a grid

tau_cand <- seq(-0.5, 0.5,—by—= 0.01) ‘ta'u’wh‘l : c(-olf‘ o ,0.5')
save_pval <- m)) # to save the p-value below

# 1. Calculate the observed statistics

T_obs <- sum(DixYi)/nl - sum((l-Di)*Yi)/nO)4 \/I'o\:s= RS
TN —
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Pbs . DJA-7\{"
AN Example Code for Inverting the Test pm - 2%

o;? ,(ﬁ T(()DO 2: Create function for computing p-value given tau and observed stat
s
,;wyour fun <- function(tau, t_obs, n_sim = 1000) { # Input: tau, observed ste

G - ——‘(' ll’ Y o)
: Calculate Yi(1) using Yi, Di, and@ Tt L
AN~ A ﬁ“: Ol

-2: Calculate Yi(0) using Yi, Ti, and tau

obs

A~ Ttilde ls <- rep(NA, n_sim) nll
Q # Simulation: Qo

for @in l:n_sim) { 'f)/erJ\-a

# TODO 2-3: Rﬂdomly sample treatment vectors

Dtilde_ NULL %{ NN~
o,(,0.
#,m% f‘:OI' each treatment vector, omput %atls?lcs

Ttilde_ls[s] <- NOLL T(ﬁt'»,i‘:)

gr——fff =/ 3 'v("] e ohs valng
2-5: Calculate and return the p-valué

urdtr thig anll
T A T

val <= 2 % min(mean(Ttilde U ), mean(Ttilde_ls <= t_SHey

return(pval)

s >= t_obs




Example Code for Inverting the Test

# TODO 3: Loop over each candidate tau

set.seed(123)

for (t in 1l:1length(tau_cand)) {
save_pval[t] <- your_fun(tau_t, T_obs)

# 4. Obtain the upper / lower bound of 95% CI
ANINAN
1b <- tau_cand[min(which(save_pval >= 0.025))]

ub <- tau_cand[max(which(save_pval >= 0.025))]

# TODO 5: Print the 95% CI (lb, ub)
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p-value

Visualization of p-values from test inversion
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